Abstract: The quark-gluon vertex in Landau gauge is studied in the quenched approximation using the Sheikholeslami-Wohlert (SW) fermion action with mean-field improvement coefficients in the action and for the quark fields. We see that the form factor that includes the running coupling is substantially enhanced in the infrared, over and above the enhancement arising from the infrared suppression of the quark propagator alone. We define two different momentum subtraction renormalisation schemes -MOM (asymmetric) and MOM (symmetric) -and determine the running coupling in both schemes. We find Λ N f =0 MS = 300 +150 −180 ± 55 ± 30 MeV from the asymmetric scheme. This is somewhat higher than other determinations of this quantity, but the uncertainties -both statistical and systematic -are large. In the symmetric scheme, statistical noise prevents us from obtaining a meaningful estimate for Λ MS .
Introduction
The quark-gluon vertex plays an important role in many applications of QCD. QCD vertex functions may be used to define momentum subtraction (MOM) renormalisation schemes [1, 2] . These, it is argued, are more 'physical' than the minimal subtraction (MS or MS) schemes, since the latter can only be defined in a perturbative context, while the former are independent of the regularisation method and give a better guidance to the appropriate renormalisation scale for a particular problem. Recently, a complete determination of the quark-gluon vertex to one-loop order was performed [3] . In an asymmetric momentum subtraction scheme, it has recently been computed to three-loop order [4] , while a numerical computation to two-loop order has been performed in a symmetric scheme [5] .
The quark-gluon vertex from the lattice may thus yield a direct determination of the QCD running coupling α s , to complement other methods for determining this quantity [6] . For a review of experimental and theoretical determinations of α s , see [7] .
In addition to reproducing the ultraviolet, perturbative behaviour, and thus determining the intrinsic QCD scale Λ MS , the quark-gluon vertex can also be used to probe the infrared behaviour of the running coupling. The hypothesis that the QCD coupling approaches a constant in the infrared has long been popular on phenomenological grounds, and has also received some theoretical support from 'optimised' perturbation theory [8] .
On the other hand, a more recent proposal for reorganising perturbation theory [9] gives a running coupling that vanishes in the infrared. Lattice QCD may in principle assist in resolving this issue.
The nonperturbative quark-gluon vertex also enters into the Dyson-Schwinger equations (DSEs) [10, 11, 12] , which are the QCD field equations. In particular, in Minkowski space the DSE for the renormalised quark propagator S(p) is
where m and g are the renormalised mass and coupling respectively. The unknown quantities here are the nonperturbative gluon propagator D µν (q) and the quark-gluon vertex Γ µ (p, q) [see figure 1 ]. Z 2 and Z m are the quark field and mass renormalisation constants respectively. It will be convenient to also introduce Λ ν (p, q) ≡ −igΓ ν (p, q). it is to be expected that the confinement picture, and the relative importance of the various factors, will vary between different gauges. We will here be working in the (minimal) Landau gauge, where over the past few years substantial progress has been made in our understanding of the gluon propagator from lattice simulations [13, 14, 15, 16] as well as analytical studies [17] . The quark self-energy directly exhibits confinement and dynamical chiral symmetry breaking, and is an important input for phenomenological models of hadron physics [10] . It has also recently been evaluated in Landau gauge on the lattice [18, 19, 20, 21] .
However, the quark-gluon vertex remains largely unknown, and the validity of the usual ansätze untested. In Landau gauge, there are indications that it must contain nontrivial structure in the infrared. The lattice (infrared suppressed) gluon propagator together with a bare or QED-like vertex fails to yield solutions to (1.1) that exhibit an appropriate degree of dynamical chiral symmetry breaking [22] . But there are also strong indications that the ghost propagator in Landau gauge is strongly enhanced, both from lattice simulations [23, 24] and analytical studies [17] . The ghost self-energy enters into the quark-gluon vertex through the Slavnov-Taylor identity, q µ Γ µ (p, q) = G(q 2 ) (1 − B(q, p + q))S −1 (p) − S −1 (p + q)(1 − B(q, p + q)) , (1.2) where G(q 2 ) is the ghost renormalisation function and B a (q, k) = t a B(q, k) is the ghostquark scattering kernel, which is given by the diagram in figure 2. It appears that modelling this into the quark DSE does give solutions exhibiting chiral symmetry breaking and quark confinement [25] . A nonperturbative determination of the quark-gluon vertex will therefore give us further insight into the mechanisms of confinement and chiral symmetry breaking, as well as casting light on the transition between the perturbative and nonperturbative regimes of QCD.
The starting point for analytical studies of the quark-gluon vertex is the QED vertex, which gives the 'abelian' contribution to the QCD vertex. In the abelian case, the SlavnovTaylor identity implies that the vertex can be written entirely as a function of the nonperturbative quark propagator up to a transverse term, as shown by Ball and Chiu [26] . A kinematical basis, along with a one-loop determination of all the components, is given in [26, 27] . The three-gluon vertex has been the subject of detailed study in recent years [28, 29] . An important result of these studies is the discovery of substantial power corrections to the running coupling, which remain up to scales of 7-10 GeV, and originate from the AA condensate appearing in the Landau gauge OPE. It has been conjectured that this condensate is largely due to instanton effects [30] . In the quark-gluon vertex the situation is in some senses more straightforward. Power corrections due to the quark mass appear already in the one-loop perturbative running coupling, and these are expected to be substantially enhanced by the chiral condensate. These are phenomena that will appear in any gauge. Any correction due to a covariant-gauge AA condensate will come in addition to this. This paper builds on earlier results that were presented in [31] . We will be focusing on the form factor multiplying γ µ , which contains the running coupling. We investigate the infrared behaviour of this form factor, to study the hypothesis of infrared enhancement, as well as the ultraviolet behaviour, attempting to determine the perturbative running.
In section 2 we define our notation and the quantities involved. In section 3 we define two momentum subtraction schemes based on the quark-gluon vertex, which we call MOM and MOM, and explain how the running coupling may be extracted in these schemes. The parameters of our simulations are given in section 4. In section 5 we determine the quark and gluon field renormalisation constants Z 2 and Z 3 . Our results for the λ 1 form factor and the MOM running coupling are given in section 6.1, while the results for the MOM scheme are given in section 6.2. In section 7 we translate the MOM scheme results to the MS scheme. Finally, in section 8 we summarise our conclusions and discuss the prospects for further work. The appendices contain a discussion of the full tensor decomposition of the vertex; the lattice tree-level expressions and our method for removing the dominant (treelevel) lattice artefacts; and the full one-loop continuum expressions for the form factors we consider.
Definitions and principles
With the exception of section 7, where the perturbative expressions are given in Minkowski space, we will be working throughout in euclidean space, with a positive metric, such that A 2 > 0 for any spacelike vector A. The commutation relations for the Dirac matrices are the usual ones,
The σ µν -matrices are defined by
The generators t a of the Lie algebra have the conventional normalisation, Tr(t a t b ) = 1 2 δ ab . We can define the configuration space quark-gluon vertex function (see figure 1 ) on the lattice as
Here, · · · denotes averaging over all fermion and gauge field configurations, while · · · denotes averaging over gauge field configurations only. Fourier transforming this and invoking translational invariance gives us the full (unamputated) momentum space bare vertex function V a µ (p, q):
where V is the lattice volume. The proper (one-particle irreducible) bare vertex Λ µ can be obtained by amputating the external quark and gluon legs from the full vertex V a µ :
The only possible dependence this can have on the group coordinates a, i, j is proportional to the generator t a ij . We can therefore consider only Λ µ (p, q), defined by
x e −ipx S(x, 0; U ) is the momentum-space quark propagator, while D(q) is the gluon propagator, which in the infinite-volume limit takes the form
In the Landau gauge (ξ=0), D(q 2 ) can be determined for q = 0 by
As long as q is not too close to zero, this form remains valid also for a finite volume. In general, a finite volume will induce an effective 'mass' m ∼ 1/L, which on an asymmetric lattice may also be direction-dependent -so the tensor structure (2.7) must be replaced by [13] 
where the functions f, g, h, h ′ are such that for sufficiently large q, (2.9) approaches the infinite-volume form, but both f and g remain non-zero as q → 0. The Landau-gauge expression (2.8) must for the smallest momentum values -and in particular for q = 0 on any volume -be replaced by
In the infinite-volume limit, T µν (0) → δ µν since the Landau gauge condition places no restriction on the zero-modes [32] , so T (0) → 4. In [13] it was found that an asymmetric finite volume may induce large distortions to this form, and in general the components must be determined numerically. However, T µν (0) will always remain diagonal. Since the gluon propagator in Landau gauge for q = 0 becomes proportional to the transverse projector P µν (q) ≡ δ µν − q µ q ν /q 2 or its lattice equivalent, D −1 is undefined and we cannot use eq. (2.5). Instead, we rewrite (2.5) as follows,
from which we can obtain the transverse-projected vertex,
The quantities calculated on the lattice are always functions of the bare (unrenormalised) fields ψ 0 , A 0 µ and the bare coupling g 0 . The relation between renormalised and bare quantities is given by
where Z 2 , Z 3 , Z g are the quark, gluon and vertex (coupling) renormalisation constants respectively, and are functions of the regularisation parameter a and the renormalisation scale µ. From (2.13) it follows that S bare (p; a) = Z 2 (µ; a)S(p; µ) ; (2.14)
The renormalised vertex is related to the bare vertex according to
3 , and so we may write 17) meaning that only the quark and gluon fields, along with the running coupling, are independently renormalised. For the sake of brevity, we will from here on no longer explitly label bare quantities as such. Z 2 and Z 3 may be determined by imposing momentum subtraction (MOM) renormalisation conditions on the quark and gluon propagator respectively, demanding that they take on their tree-level forms at the renormalisation scale µ:
The renormalisation of the coupling will be discussed in section 3. The Lorentz structure of the vertex in the continuum consists of 12 independent vectors and can be written in terms of a 'Slavnov-Taylor' (non-transverse) and purely transverse part in terms of vectors L i , T i and scalar functions λ i , τ i :
The full expressions for all the vectors L i and T i are given in appendix A. In this paper, we will only study the part of the vertex proportional to γ µ , which in the specific kinematics we will be employing is given by the three vectors
Because of the Slavnov-Taylor identity (1.2), the scalar functions λ i (p 2 , q 2 , k 2 ) in (2.20) may be expressed in terms of the quark propagator, ghost propagator and ghost-quark scattering kernel. In QED for instance, as a result of the Ward-Takahashi identity, λ 1 is given uniquely in terms of the fermion propagator
In QCD, for q = 0, the equivalent of this is [33] 
where χ i are the form factors of the ghost-quark scattering kernel given in [3] . At tree level, χ 0 = 1, χ 1,2,3 = 0.
As already mentioned, in Landau gauge, for q 2 = 0, we can only determine the transverse part of the vertex from the lattice. The transverse projection of L 1 is
This gives rise to the modified form factor λ ′ 1 , 25) which will be useful when studying the transverse-projected vertex.
Definition of the MOM schemes
We impose the momentum subtraction scheme
where 'λ 1 (µ)' stands for λ 1 evaluated at a specific kinematic point (e.g., symmetric or zero-momentum), with the momentum scale µ. The precise meaning of this will be clear when we discuss the MOM and MOM schemes. It then follows from (2.17) that
is the quantity we calculate on the lattice.
We will define two different renormalisation schemes, MOM and MOM. The 'asymmetric' MOM scheme is defined by setting the gluon momentum q 2 to zero. This differs from the MOM scheme defined in [2] , and also from the MOM q scheme defined and computed to three-loop order in [4] , where in both cases one of the quark momenta has been set to zero. The 'symmetric' MOM scheme is defined by the kinematics p = −k = −q/2 = s, so p 2 = k 2 = q 2 /4 = s 2 . The fully symmetric scheme where p 2 = q 2 = k 2 is impossible to implement on a finite lattice where the boundary conditions are different for fermions and gauge fields (antiperiodic and periodic in time respectively), which is why we are not considering it here.
In any scheme, the first step towards extracting the running coupling, which is proportional to λ 1 , is to eliminate those form factors with a different Dirac structure by tracing the vertex with γ µ . With this in mind, we define the functions H µ (p, q) as
where no sum over µ is implied.
In the MOM scheme, all terms in (3.3) proportional to q or q µ disappear, and we are left with
We can then eliminate λ 2 by imposing an appropriate kinematics:
. The MOM renormalised coupling is then defined as
In the MOM scheme, the transverse-projected vertex gives us
λ ′ 1 can then easily be extracted by
Thus, we define the MOM running coupling as
Lattice formalism and computational details
In this study, we use the Sheikholeslami-Wohlert fermion action,
which is on-shell O(a)-improved (S W is the Wilson action), along with an off-shell improved 2 quark propagator S I , given by [18] 
where the 'unimproved' quark propagator S 0 is simply derived from the inverse of the fermion matrix M : S 0 (x, y) = M −1 (x, y; U ) . We define the lattice gluon field A µ , which in the continuum limit becomes aA cont µ , as
In order to reduce lattice artefacts, we employ a tree-level correction scheme, as discussed at length in [18, 19] . The relevant tree-level expressions, and the definition of the tree-level corrected vertex form factors, are given in appendix B.
All the results in this paper have been obtained with the Wilson gauge action at β = 6.0 on a 16 3 × 48 lattice. Using the hadronic radius r 0 [35, 36] to set the scale, this corresponds to a lattice spacing a −1 = 2.12 GeV. The gauge fields were generated with a Hybrid Over-Relaxed algorithm, with configurations separated by 800 sweeps. The quark propagators have been generated using a mean-field improved SW fermion action, with c sw = 1.479, for one value of κ = 0.1370, or ma = 0.0579. Details of the computation are given in [37] . For the improvement coefficients b q and c ′ q of (4.2) we have used the mean-field values b q = 1.14, 2c ′ q = 0.57. The gauge fields have been fixed to Landau gauge, using a Fourier accelerated algorithm [38] to deal with low-momentum modes. The Landau gauge condition has been achieved to an accuracy of
Further details of the gauge fixing are given in [13] .
For the quark fields, we have used periodic boundary conditions in the spatial directions and antiperiodic boundary conditions in the time direction. Hence, the available momentum values for an N 3 i × N t lattice (with N i , N t even numbers and i = x, y, z) are
For the gluon fields, we have used periodic boundary conditions in all directions, and thus we have integer momentum values also in the time direction. The gluon tensor structure was studied in [13] . Our data correspond to the 'small lattice' in that paper. There it was found that
where T µν and T are defined in (2.9). Significant deviations from the infinite-volume form were also found for the lowest one or two momentum points used for the symmetric kinematics. We have explicitly adjusted these points to account for this. For all other momentum combinations we will be studying here, the deviation of T µν (q) from P lat µν (q) = P µν (Q(q)) were found to be negligible. In order to determine the quark field renormalisation constant Z 2 , we have used the tree-level corrected function Z(p), defined in (B.10). The results, for both S 0 (for which Z (0) (p) ≡ 1) and S I are shown in figure 3 .
In order to determine the gluon field renormalisation constant Z 3 , we use the simple tree-level correction procedure that was applied in [13] . The gluon propagator D(q 2 ) is expressed in terms of the 'lattice momentum' Q [see (B.2)], and a 'cylinder cut' is applied to select momenta near the 4-diagonal. This is shown as a function of Qa in figure 4 . We have fitted the gluon propagator to the phenomenological curve (Model A) of [13] , It should be emphasised that this fit is only performed to facilitate the computation of the running coupling, and no physical significance should be attached to the phenomenological parameters quoted.
6. λ 1 and the running coupling
Asymmetric scheme
We have calculated the proper vertex in the asymmetric scheme using both the unimproved quark propagator S 0 and the improved propagator S I . We have evaluated λ 1 by first calculating H i (p, q = 0)(i = 1, 2, 3) for different values of p (with p i = 0), and then used invariance under the (hyper-)cubic group to perform a Z 3 average over i and equivalent values of p µ (as well as positive and negative p µ values). But first, we want to verify that the cubic invariance really holds. As figure 5 shows, all the three spatial components of the (uncorrected) vertex do indeed behave in the same fashion, within errors. The discrepancies of the order 2σ can be put down to correlations between data at different momenta, combined with insufficient statistics.
When p µ = 0, H µ (p, q) also receives a contribution from λ 2 . This means that we should not expect H 4 to behave similarly to the other three components, since p 4 = p t is necessarily non-zero. The lower panel of figure 5 confirms this -although part of the difference may also be due to finite volume effects affecting spatial and time directions differently. The form factor λ 2 will be studied in a forthcoming paper.
, as a function of p t a; using S 0 (left) and S I (right). Bottom:H 4 (p, q) for q = 0, p = (0, p t ), as a function of p t a, for 83 configurations using S 0 (left) and for 100 configurations using S I (right). Note the different vertical scales for the upper and lower panels. The unrenormalised form factor λ 1 (p 2 , 0, p 2 ) as a function of |pa|, with equivalent momenta averaged. The form factor taken from the improved propagator S I is shown both before and after tree-level correction. After tree-level correction, the lattice data for S I lie on a single smooth curve.
In figure 6 we show the unrenormalised form factor λ 1 , obtained by averaging all H i (q = 0, p i = 0) over equivalent momenta and directions, as a function of |pa|. As the figure shows, this is a well-defined function of p (within the statistical errors) for pa 1, both when S 0 and S I is used. For larger values of pa, however, λ 1 extracted using S I developes significant ambiguities and a big 'bump' around pa = 1.7. This is due to the tree-level behaviour given in (B.15). Comparing with figure 1 of [18] , we see that it is indeed approximately the inverse of the tree-level quark propagator. As expected, the irregular behaviour disappears after tree-level correction, and all the data lie on a single smooth curve. For pa 1 this curve coincides with the data for S 0 .
We clearly see a substantial infrared enhancement of λ 1 , in accordance with the expectations from studies of the gluon and ghost propagators. Part of this must be an 'abelian' enhancement given by the QED expression (2.22) together with the infrared suppression of the quark propagator. We can determine the additional, 'non-abelian' enhancement by plotting the product of λ 1 and the quark propagator form factor Z(p), which in QED would be a momentum-independent constant. This is shown in figure 7 , using the improved propagator S I . As we can see, a significant enhancement over and above the 'abelian' one remains, although our lattice is too small to allow us to draw any further quantitative conclusions.
Using the values for Z 2 and Z 3 in section 5, we obtain g MOM (µ), which is shown in figure 8 , or, equivalently, α MOM (µ), shown in figure 9 . The coupling appears to reach a peak at about 1 GeV, below which it drops towards zero. However, caution is clearly warranted: the two or three lowest momentum points where this effect can be observed may well contain substantial finite volume effects (indeed, this was the case with the gluon propagator on the same lattice [13] ), which only a simulation on a larger volume can resolve. Thus, at this point, we are not able to tell whether this may be a finite volume artefact, an artefact of the MOM scheme, or a real physical effect. Similarly, the fact that the peak value α MOM ∼ 0.8 is very close to typical values for the frozen coupling extracted from phenomenology [8] , may be suggestive, but nothing more.
Turning now to the ultraviolet behaviour, we attempt to parametrise the leading nonperturbative and quark mass effects by fitting the results to the formula [39] for µ ≥ p min , where α 2loop is the two-loop running coupling, table 1 . In all cases, the numbers obtained using S 0 are almost identical to those obtained using S I , so we only report the latter. We may also, if we ignore the power corrections (i.e., set c = 0), compute Λ MOM directly according to the inverse of (6.2),
The results of this are shown in figure 10 . The numbers obtained by fitting this to a constant above p min are also reported in table 1. These numbers are consistent with the result of fitting α(µ) to (6.2). We may also repeat this procedure after absorbing the power correction (6.1) in our definition of g R , using the value for c from our fit. The result of this is also shown in figure 10 and reported in table 1.
In lattice studies of momentum-space quantities, the momentum variable is to some extent arbitrary. We may choose any of the variables p, K(p), Q(p), K(p) or any other variable as long as it approaches p in the infrared and in the continuum limit, i.e. for pa ≪ 1. If the continuum tree-level form of the quantity is momentum-dependent, we may use this Table 1 : Fit parameters, using different momentum ranges. p min denotes the lower end of the fit window; the maximum in all cases being the maximum total momentum 5.75 GeV. n is the number of momentum points used in the fit. Λ 0 is the value obtained for Λ MOM without power correction, using (6.3), while Λ r is the value obtained by using the fitted value for c to extract α 2loop and feeding this into (6.3). to guide our choice of variable [14] ; however, when it is not, the choice remains largely arbitrary [21] . Since the tree-level continuum vertex is momentum-indepentent, this is the situation we find ourselves in here. In order to quantify the resulting ambiguity, we have, in addition to the 'naïve' momentum p, performed fits using K(p) ≡ µ sin 2 (ap µ )/a, which appears in the tree-level lattice vertex (B.12), as well as
, which is the momentum variable that makes the tree-level quark propagator take its continuum form. The use of this variable may be justified because the correction factor Z (0) (p) appears also in the tree-level vertex, and also from the Ball-Chiu relation (2.22). The results of the fits are given in tables 2 and 3. From figure 9 and the right-hand panel of figure 10 it would appear that the data are very well represented by a power-corrected two-loop running coupling as in (6.1), all the way down to 1.5 GeV if not lower. However, a glance at tables 1-3 reveals several problems with this.
Firstly, the fits are nowhere near stable. As the starting point for the fits goes from 2.5 to 3.5 GeV, the best value for Λ increases by 50% when using p as our momentum variable, and the power correction goes from positive to negative. Secondly, the 'refitted' value for Λ, although always perfectly consistent with that obtained from (6.1), is consistently about 10% higher.
Thirdly, the fit values depend critically on which momentum value is used. To some extent this is simply because the values of p, K(p), and K z (p) may be very different when pa ≫ 1, so different data are included in the fits. This is reflected in the different number of points for the same numerical value of the starting momentum. However, it also reflects a deeper ambiguity due to the finite lattice spacing. I.e., although there is no violation of O(4) symmetry or other obvious signs of lattice artefacts in our data, and the near-perfect agreement between the S 0 and S I results may be taken as an indication that lattice spacing errors are very small, those errors that do persist make a determination of a sensitive quantity such as Λ MOM prone to large uncertainties. It should be noted that we observe considerable anisotropy in the high-momentum region when g R is plotted as a function of K(p) or K z (p) as opposed to p, indicating that these are not the appropriate momentum variables in this case. Only by repeating the simulation at a smaller lattice spacing can this issue be properly resolved, however.
Taking all this into account, we take as our best estimate for Λ the average of all the fits starting from 3.0 GeV (both with and without the power correction). This gives Λ MOM = 530 +260 −320 ± 100 ± 50 MeV, where the first set of errors are statistical, the second are due to the ambiguities in the choice of momentum variable, and the third is the intrinsic 10% systematic uncertainty in the lattice spacing in the quenched approximation.
Symmetric scheme
At the symmetric point 2p + q = 0 we use only the improved propagator S I , and thus the form factor λ ′ 1 receives substantial tree-level correction according to (B.25)-(B.28). The tree-level corrected result is shown in figure 11 . In order to reduce the statistical noise, we have averaged data for nearby momenta, within ∆pa < 0.05. We see that the data ara still considerably more noisy than for the asymmetric λ 1 of figure 6 , but exhibit qualitatively the same behaviour. It appears that λ ′ 1 (p 2 , 4p 2 , p 2 ) is more strongly infrared enhanced than λ 1 (p 2 , 0, p 2 ), but the noise makes it difficult to draw any definite conclusion.
The MOM running coupling g MOM (µ) is shown as a function of the renormalisation scale µ in figure 12 . The most obvious difference from the MOM coupling of figure 8 is that the noise is far worse, and we are not able to get any signal for Λ from these data.
Matching to MS
The relation between the scale parameters in two renormalisation schemes A and B is given by [1] where C AB is the one-loop coefficient in the expansion of the coupling g 2 B in terms of g 2 A . The complete one-loop expressions for the relevant form factors in the two kinematics we are studying, are given in appendix C. Here we only reproduce the results for the running coupling in Landau gauge, for N f = 0. The MOM coupling is given by
However, at asymptotically large momenta, where one-loop perturbation theory becomes valid, the corrections due to the mass term can be ignored. From (7.1) we thus find that
Using our 'best value' for Λ MOM , we obtain
These numbers are above those obtained by other methods [6, 29] , which yield a 'world average' of Λ N f =0 MS = 240(10) MeV. With our large statistical and systematic uncertainties, our value is however fully consistent with the 'world average'.
The MOM coupling in the massless limit is g MOM (µ) = g MS (µ) 1 + 4 9 ln 2 + 793 72 
Discussion and outlook
We have studied the quark-gluon vertex in the Landau gauge, in quenched QCD with O(a)-improved Wilson fermions, at two different kinematical points: an 'asymmetric' point, where the gluon momentum q is zero, and a 'symmetric' point, where q = −2p, in other words the incoming quark has equal and opposite momentum to the outgoing quark. We have focused on the form factor λ 1 , which is proportional to the running coupling and, in the decomposition given by (A.6), (A.8), is the only form factor that is expected to be ultraviolet divergent. At the symmetric point, we are unable to study this form factor directly, and examine instead the linear combination λ ′ 1 ≡ λ 1 − q 2 τ 3 . We observe that in both kinematics, λ 1 (λ ′ 1 ) is substantially enhanced in the infrared. At the asymmetric point, this enhancement is significantly stronger than that expected in QED due to the well-established enhancement of the quark propagator form factor A(p). At the asymmetric point, no such direct comparison with QED is possible due to the admixture of τ 3 , which is left unconstrained by the Ward-Takahashi (or Slavnov-Taylor) identity. However, the qualitative picture is the same.
The lattice volume in this study is relatively small (a spatial length of ∼1.5 fm and a total volume of 15-16 fm 4 ), so the infrared behaviour may well be contaminated by substantial finite volume effects. Although we have explicitly accounted for the large finitevolume effects appearing in the tensor structure of the gluon propagator, we have no guarantee that there are not substantial residual effects that, at the asymmetric point, could play an important role for all momenta. However, excellent agreement with results for Λ MS obtained by other methods have been obtained from the three-gluon vertex in a MOM scheme on symmetric lattices [29] , and there appears to be no reason why the situation should be much worse in our case. The qualitative similarity between the symmetric and asymmetric point might also be taken as an indication that finite volume effects, although possibly sizeable, do not dominate. In any case, it would be desirable to perform the simulation on a larger lattice in order to have a better resolution of the momentum in directions other than the time direction. This is also the only way we would be able to settle the issue of whether the running coupling is frozen, or possibly goes to zero.
We have used the results for λ 1 at the asymmetric point to determine the running coupling α s in a zero-momentum ( MOM) renormalisation scheme, and obtained from this a nonperturbative estimate of Λ −180 ± 55 ± 30 MeV, where the first set of errors are statistical, the second due to ambiguities in defining the momentum variable, and the third due to uncertainty in the lattice spacing. This is consistent with, although slightly higher than other estimates for Λ MS .
Although the excellent agreement between the results using the 'unimproved' propagator S 0 and the 'improved' propagator S I indicate that our tree-level correction scheme has successfully accounted for the large high-momentum lattice artefacts, and that residual O(a) errors are not a significant factor, the need for large tree-level corrections still implies some uncertainty about the results, at least in the intermediate momentum regime. A fermion action which is more well-behaved at high momenta, such as overlap fermions, would be a great improvement.
The main source of systematic uncertainty, and of possible discrepancies between our result for Λ N f =0 MS and those of other determinations, is that we have not been able to access sufficiently high momenta, where two-loop scaling should be valid, nor have we taken into account higher-order perturbative effects, which should extend the range of validity for the perturbative matching. Experience from the 3-gluon vertex [29] suggests that both a large momentum window and 3-, perhaps 4-loop running of the β-function are needed to obtain reliable results. This requires simulations at smaller lattice spacings, as well as a two-loop calculation of the λ 1 form factor in the relevant kinematical limit. Both are computationally very expensive.
As we mentioned in the introduction, two-loop calculations have already been performed in both an asymmetric [4] and a symmetric [5] kinematics. Neither is, however, the kinematics we are employing here.
In the MOM (symmetric) kinematics, we have been unable to get a reasonable signal for the running coupling. The main reason for this is statistical noise, but the need for large tree-level corrections is clearly also a significant factor. For this reason it would be essential, if we were to attempt a more accurate determination of the vertex in this kinematics, to choose a fermion discretisation which is not afflicted by such problems.
In a precision study, the quark mass must also be handled carefully. Here, we have merely included the quark mass in the overall power correction, which has been determined numerically. An obvious next step would be to study the vertex at a second quark mass. It would be an advantage, also for this purpose, to use a fermion action which respects chiral symmetry, such as overlap fermions, or a remnant thereof, such as staggered fermions.
The large numerical uncertainties have prevented us from obtaining any reliable estimate of the power correction. An alternative approach would be to calculate analytically the size of the power corrections from the condensates involved, of which the dominant is expected to be the chiral condensate, using the available estimates for the values of the condensates.
The running coupling extracted in the MOM scheme reaches a maximum at 0.8 GeV. A similar result was found for the three-gluon vertex in an analogous MOM scheme [28, 29] . This would correspond to a zero in the β-function at the maximum coupling, with double values below that. It has been suggested [40] that this can be related to infrared singularities in the ghost self-energy. Such singularities should not affect symmetric momentum subtraction schemes. Our results in the MOM scheme can neither confirm nor refute this conjecture.
In order to resolve this issue, and to pin down the low-and intermediate-momentum behaviour of the quark-gluon vertex, simulations on larger, and possibly coarser lattices are necessary. This is an orthogonal line of inquiry to that needed to determine the running coupling along with the power corrections, which requires much finer, but not larger lattices.
Work is currently in progress to determine the form factors λ 2 and λ 3 at the asymmetric (q = 0) point. These form factors both vanish at tree level in the continuum, but must be non-zero nonperturbatively in order to fulfil the Slavnov-Taylor identity. A complete determination of all form factors would be a natural next step. This is, however, not possible in Landau gauge because of the transversality condition. For this reason, and also because the gauge dependence of the vertex is in itself of theoretical importance, it would be of great interest to study the vertex in a generic covariant gauge [41, 42] . This would also allow calculations in the unmodified symmetric MOM scheme, which might have some advantages over the modified scheme we have used here.
At present, there is no known method to reliably assess the effect of Gribov copies. All numerical methods founder on the fact that as the physical volume increases, the number of Gribov copies also increases, and it becomes impossible to ascertain that one has found either the absolute maximum of the gauge fixing functional, or any other unique representative. Choosing a gauge without Gribov copies, such as the Laplacian gauge [43] or axial gauges, does not solve the problem, since results in one gauge tell us nothing about the effect of Gribov copies in a different gauge.
On a practical level, attempting to select, however imperfectly, the absolute maximum, using e.g. 'brute force' [24] , simulated annealing [16] , or smeared gauge fixing [44] is in principle worthwhile. At present, however, we would expect any signal showing a difference between the naïve (minimal) Landau gauge and the fundamental modular domain to be swamped by statistical noise for three-point functions such as the quark-gluon vertex.
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A. Tensor decomposition of the vertex
The Lorentz structure of the vertex in the continuum consists of 12 independent vectors and can be written as
where
It is useful to divide the vertex into a 'Slavnov-Taylor' (non-transverse) part and a transverse part, as is commonly done in QED:
The ST part is that part of the vertex that saturates the Slavnov-Taylor identity (1.2) and contains no kinematical singularities. It is often, misleadingly, referred to as the 'longitudinal' part, although it also contains a transverse component. We will make use of the QED decomposition [3, 26, 27] of the fermion-gauge-boson vertex function, which is usually given in Minkowski space. We wish to write the euclideanspace equivalent, in such a way that all the scalar form factors λ i and τ i are the same as in Minkowski space. The usual procedure is to apply the Wick rotation (p 0 → ip 4 , p i → −p i , γ 0 → γ 4 , γ i → iγ i ), but since the vertex is a four-vector, this is not a linear transformation in our case. Our prescription is to create a Lorentz scalar by contracting the vertex with γ µ and require that the Wick-rotated Minkowski result is identical to what we obtain by performing this operation in euclidean space. In particular, any euclidean scalar function should be equal to the Minkowskian scalar function sampled at spacelike (i.e. negative) momenta:
where f can be τ i or λ i . Following this prescription, we can write the ST part as [with k = p + q]
where the euclidean-space functions L i,µ are given by
For the purely transverse part Λ (T ) , we will use the decomposition of [27] , which differs slightly from the one of [3, 26] . This decomposition is preferable because it is free of kinematical singularities in all covariant gauges. Moreover, as we shall see, the relation between the ST and purely transverse parts of the vertex becomes more transparent in this basis. The purely transverse part of the vertex is specified by q µ Λ 
where the euclidean-space functions T i are given by
T 5,µ = −iσ µν q ν ;
Charge conjugation symmetry dictates that all the λ i 's and τ i 's are even with respect to interchanges of p 2 and k 2 (or (p + q) 2 ), except for λ 4 , τ 4 and τ 6 , which are odd. In this decomposition, the transverse projection of the ST part of the vertex is given by
Thus, we will define the following modified form factors, which appear in the transverseprojected vertex:
B. Tree-level lattice expressions
We define and use the following momentum variables, which may be used to bring the lattice tree-level expressions into a more continuum-like form,
At tree level, the dimensionless momentum-space propagator S 0 (p) is identical to the free Wilson propagator,
(B.5)
The tree-level form of the O(a)-improved propagator S I is given by
with
The tree-level functions Z (0) and Z
m (which is given in [19] and will not be reproduced here) give rise to very large finite-a effects at intermediate and large momenta. To reduce these lattice artefacts, and bring the high-momentum behaviour of the quark propagator into contact with the continuum perturbative behaviour, we employ the tree-level correction scheme defined in [18, 19] , where the quark propagator is written as m and ∆M (−) denoting the tree-level behaviour. We call the functions Z(p) and M h (p) the tree-level corrected quark form factors. Here, we are only interested in Z(p), which can be related to the quark field renormalisation constant Z 2 , so we can ignore the mass correction functions Z (+) m , ∆M (−) which are defined in [19] . At tree level, the Landau gauge gluon propagator becomes
In this notation, the gluon propagator requires no further tree-level correction. The tree-level lattice vertex using the 'unimproved' propagator S 0 is [45, 46] 
The constant term c ′ q in S I does not contribute to the unamputated vertex V µ in (2.4), since A µ = 0. Thus, the improved vertex at tree level is given by
The full expression is very complicated, but it simplifies greatly for the two cases (symmetric and asymmetric) in which we are interested.
B.1 Asymmetric kinematics
In this case the gluon momentum q = 0, while the quark momentum is 'orthogonal' to the vertex, i.e. the µ-component p µ of the quark momentum is zero. Then the tree-level lattice vertex (B.12) reduces to Λ
Making use of this, along with the unimproved (B.5) and improved (B.6) propagators, the improved vertex (B.13) becomes
Thus, at this point, the tree-level corrected vertex may be defined according to 
B.2 Symmetric kinematics
The second case we consider is the (symmetric) case where 2p + q = 0, i.e. p = −k or equivalently q = −2p. In this limit, the tree-level vertex (B.12) becomes (for ease of notation we will here set the lattice spacing a = 1) 
This is the lattice equivalent of the projection (2.24) . From this we obtain the transverseprojected, lattice equivalent of (3.7), Setting s 2 = −µ 2 , analogously to the MOM scheme, we find the MOM running coupling at asymptotically large momenta to be (C.8)
